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(a) e* = e®cosy + ie®siny. Let u(x,y) = e” cosy and v(z,y) = e” siny. Then we have

Uy =e"cosy , uy,=—e"siny
vy =€"siny , vy =e’cosy
Since ug,uy,v, and v, are continuous and u, = vy, uy = —v, for any z,y € R, €7 is

differentiable for all z € C.
(b) i [e*] = Vu2+1v2= \/62””(cos2y +sin?y) = e*

ii. Since e* = e®e™, we have arg(z) = y + 2nm, where n € Z.

iii. Since |e*| = e® > 0, we have e* # 0.
iv. Write z; = x; + 4y;, where j = 1,2. Then we have
e*1e*? =e™1 T2 (cosy; + isiny;)(cosys + isinys)
=" 2[(cos Yy cos ya — sinyy sinyz) + i(sin y; cos Yo + sin yz cos y1 )]

:611+w2 (cos(y1 + yz) +1 sin(y1 + y2))

—e#1t22
v. By 1)a), e* is differentiable for all z € C. Furthermore, we have

—e® = u, +iv, = e®cosy +ie’siny = e°
dz
vi. Note that €2™ = €%(cos(27) +isin(27)) = 1. By 1)b) iv), e*127™ = e%e2™ = ¢2.
a) The Euler formula says that e = cosf + isin 6 for any 6 € R. This implies
(a) y y p

e 4 e COST + 48inx + cosx — isinx

= = cosx
2 2
T —ix ol s ol
e —e coOSxT +1SINxT — COST + 1SN x .
and - = - =sinz
21 21
(b) i. By Chain rule,
. d eZZ _ e—’LZ Z‘elZ _"_ Z‘e—’LZ
—sinz = — = =cosz
d dz 21 21
d eiz +67'Lz 1et? e ® )
— COoSz = — = = —sinz
dz dz 2 2
e—iz _ eiz e—iz + eiz
ii. sin(—2) = ———— = —sinz, cos(—z) = ———— = cos 2.
21 21
. o eZZ + e*ZZ eZZ _ e*ZZ .
ili. R.H.S. = cosz+isinz = + =¢e"” = L.H.S.

2 2



iv. By 1)b)iv), we have
ei(zl-i-zz) — eizleiZQ
This implies
cos(z1 + 2z2) + isin(z1 + 22) = (cos 21 cos zo — sin 21 sin z9) + i(sin 21 cos z3 + sin z5 cos 21)

By comparing the real part and imaginary part on both sides, we get the desired formulas.

V.
iz —iz iz —iz
.9 2 —e 9 e” +e 9
sin® z 4 cos” z =( 5 ) —1—(72 )

_62iz — 24+ 672iz N e?iz + 2+ 672iz

B —4 4

=1
vi.

sin z =sin(x + iy)
ei:c—y _ e—ix+y

21
e Ycosx+e Yisine —eYcosx + eYisinx
21
. ey + 67:’4 . ey — 67y
=sing(———) +icosx(———
2 2
=sinz coshy 4 i cosxsinh y
cos z = cos(x + 1y)
eimfy +67iz+y
2
e Ycosx+e Yisine +eYcosxr —e¥isinx
2
Y — eV o ev 4+ eV
= cos z( ) —ising(———
2 2

=cosx coshy — isinxsinhy

vii. By 2)b)vi),

2

. . 2 -
|sin z|? = sin? 2 cosh® y + cos? zsinh? y

=sin’ z cosh? y + (1 — sin® z) sinh? y
=sin? 2(cosh? y — sinh? y) + sinh? y
=sin? 2 + sinh®y

2 2 cosh? y + sin? zsinh?

cos z|> = cos
| cos 2|
= cos? z cosh? y + (1 — cos® x) sinh? y
= cos? z(cosh? y — sinh? /) 4 sinh? y

12
=cos® z + sinh® y



(c) No. For example, |sin(ilog(3))| = | cos(ilog(3))| = y/sinh(log3) = 1/ # > 1.

(d)

By 2)b)vi),

Similarly, we have

By Chain rule,

sinz =0 <—

—

<~
—
—
—

|sinz|? = 0
sin?  + sinh?y = 0

2z =0and sinh®y =0

sin
z=nrand eV =1
x=nmand y =0, where n € Z

z =nm, where n € Z

cosz =0 <= |cosz|> =0

<— CoSs

2z =0and sinh®y =0

1
= z:(n+§)7r, where n € Z

—coshz = — = = sinh z
dz dz 2 2
de*—e * ef +e *?
—sinhz = — _et = cosh z
dz dz 2 2
) ) 1z efiz eiz _ efiz o ) eiz + efiz
sinhiz = 5 =1 5 =1sinz, coshiz = — = Cos 2.
. TF e eF— =2 - sinh . e % +e* b
siniz = =1 =i4sinhz , cosiz=——— =coshz
24 2 2
e~% — e? e % e
sinh(—z) = — = —sinh z, cosh(—z) = T—’_ = cosh z
cosh? z — sinh? z = (ez + 672)2 _ (ez _ 672)2 - 424 _ ¥ —24e
2 2 4 4

By 2)b)iv) and 3)b),

Similarly,

¢), we have

sinh(z + 29) = — sinh(i(i(21 + 22)))

= —isin(i(z1 + 22))

= — i(sinizy cosizy + cosizy sinizy)

=sinh z7 cosh z9 + cosh z1 sinh z5

cosh(z1 + 29)

=cosh(i(i(z1 + 22)))
=cos(i(z1 + 22))
= C0S 121 COS12Zy + COS 121 COS 2o

= cosh z1 cosh z9 + cosh z1 cosh zo



(f) By 2)b)iv) and 3)b), ¢), we have

sinh z = — sinh(i(iz))
= —isin(iz)
= —isin(—y + ix)
= —i(sin(—y) cosh x + ¢ cos(—y) sinh z)

=sinhz cosy + icoshxsiny
Similarly,

cosh z = cosh(i(iz))
=cos(iz)
=cos(—y + ix)
= cosh z cos(y) + @ sinh 2 sin(y)

|sinh z|? = sinh? z cos? y + cosh? z sin’ y
=sinh® z(1 — sin? y) + cosh® zsin? y
=sinh?  + (cosh? z — sinh? z) sin? y

.12 .
=sinh? z + sin?y

| cosh z|? = cosh® z cos? iy + sinh? 2 sin? y
= cosh? z cos? y + sinh? z(1 — cos? )
= sinh? z + cos? y(cosh? x — sinh? z)

=sinh? z + cos® Y



